The unfolded protein response (UPR) is a collection of cellular feedback mechanisms that 2 seek to maintain protein folding homeostasis in the endoplasmic reticulum (ER). When the ER 3 is "stressed", either through high protein folding demand or undersupply of chaperones and 4 foldases, stress sensing proteins in the ER membrane initiate the UPR. Recently, experiments 5 have indicated that these signaling molecules detect stress by being both sequestered by free 6 chaperones and activated by free unfolded proteins. However, it remains unclear what advantage 7 this bidirectional sensor control offers stressed cells. Here, we show that combining positive 8 regulation of sensor activity by unfolded proteins with negative regulation by chaperones allows 9 the sensor to make a more informative measurement of ER stress. The increase in the information 10 capacity of the combined sensing mechanism stems from stretching of the active range of the 11 sensor, at the cost of increased uncertainty due to the integration of multiple signals. These 12 results provide a possible rationale for the evolution of the observed stress sensing mechanism. 13 Keywords-Unfolded protein response, ER stress, chemical sensing, mutual information, 14 signal integration 15 Background 16
The first module describes the folding of unfolded proteins with the assistance of chaperones within the ER lumen. The chaperone-assisted folding is modeled as an enzymatic reaction
where U is an unfolded protein, C is a chaperone (e.g. BiP in metazoa), and U · C is a complex of chaperone and unfolded protein undergoing folding. Reaction (1) captures the binding of unfolded
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Unfolded proteinmediated mechanism Chaperone-mediated mechanism Hybrid mechanism Stress-Sensing Mechanisms Figure 1 : ER stress sensing model schematic. In the lumen of the ER, unfolded proteins are bound by the chaperone BiP, which aids folding. Eventually, the stable folded proteins are released from the folding complex, and exported from the ER. The folding process is monitored by the transmembrane stress-sensing proteins Ire1 and Perk. In our model, ER stress is measured through one of the three mechanisms depicted in the bottom panel, and transmitted as stochastic time series of the transmembrane sensor activation. proteins by chaperones, and the subsequent folding and export of the folded protein from the ER.
Reactions (2) represent influx of nascent proteins and chaperones into the ER, and their subsequent degradation or dilution. In general, binding of nascent proteins by chaperones occurs rapidly upon translocation into the ER (26), whereas folding of a nascent protein requires substantially more time ( 15 min) (27). The separation of these timescales allows for the approximation that the U and C are in a quasi-steady state with the folding complex U · C on timescales shorter than the folding time.
Furthermore, we assume that significant changes in influx rate occur on a longer timescale than the U · C complex formation time so that, on the timescales of interest, the total copy number of unfolded protein in the ER, U 0 , and chaperone in the ER, C 0 , are conserved quantities. This assumption can be justified by the fact that the important timescale for signaling results from protein-protein interactions and is on the order of seconds, while significant changes in the influx rate require changes in gene transcription and protein translation, both of which vary more slowly. Hence, on the timescale of protein-protein interactions within the ER, the folding module reduces to a simple bimolecular reaction mechanism with conserved protein and chaperone copy numbers. This leads to (quasi) steady-state populations of unfolded proteins, chaperones, and folding complexes given by
where K d is the dissociation constant between unfolded proteins and chaperones, and u, c, and u · c 79 are the steady-state copy numbers of unfolded proteins, unbound chaperons, and unfolded-protein-80 chaperone complexes in the ER, respectively. Without loss of generality, we set K d = 1 and let all 81 concentrations be measured relative to K d . Throughout our analysis, we will treat the populations of u, c, and u · c as deterministic, and focus on the fluctuations of sensor activity.
83
Stochastic sensor module 84 The second module in our description of the ER stress sensing network is the transmembrane sensor. While metazoa have three distinct signaling pathways, we will focus here on the activation mechanisms of Ire1 and Perk, as they are thought to detect stress through the same mechanism and Ire1 is the most conserved of the three pathways. Our minimal model for the hybrid sensor mechanism consists of a two-state sensor with an activation rate that depends on the copy number of unfolded proteins and a deactivation rate that depends on the chaperone copy number:
where I I is the inactive state of the sensor, and I A is the active state. Since the inputs u and c are assumed to change much more slowly than the time required for the sensors to probe the state of the ER, we are interested in the equilibrium fluctuations of the sensors. To this end, the equilibrium activation constant for the two state sensor is defined to be
where γ controls the baseline scale of sensor activity, α dictates the sensitivity of the response to 85 changes in unfolded protein copy number, and β sets the sensitivity of the response to changes in 86 unbound chaperone copy number. In the limit as α → 0, u no longer directly influences the activity 87 of the sensor, reducing to the mechanism in which sensor activity is regulated through chaperone Information processing of endoplasmic reticulum stress sensors titration only. On the other hand, in the limit as β → 0, the sensor activity is regulated only by direct 89 interactions with unfolded proteins, with the chaperone providing no additional regulation of the 90 sensor. Hence, this simple push-pull model for sensor activity encompasses the core regulatory 91 mechanisms involved in Ire1 and Perk activity.
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Taking n A to be a random variable that represents the number of active sensor molecules (i.e., I A ), and the total number of sensors in the system to be N I , the corresponding chemical master equations for reaction (6) is
where n A runs from 1 to N I − 1. At steady state, equation (8) can be solved exactly (28), giving the 93 probability of active sensors conditioned on the inputs (u, c):
where the first term is a normalization constant that does not depend on n A , but does depend on u 95 and c through K I A .
96
We are interested in quantifying how well the sensor output n A characterizes our ER stress measure. A common metric for quantifying the signal transduction quality in a sensory network is the mutual information between the input stimulus and the sensory response (29; 30; 31). For two distributions X and Y (e.g., input and output distributions), the mutual information between X and Y is given by
where p(x, y) is the joint probability distribution of x and y and p(x) and p(y) are the respective 107 marginal probability distributions. Hence, our metric for sensor mechanism quality is I(u; n A ), 108 the mutual information between ER stress (which we initially take to be free unfolded protein 109 concentration) and the output of the stress sensor.
110
To calculate the mutual information, it is necessary to assume a prior distribution for the input q(U 0 , C 0 ). A common choice is to assume a uniform distribution over the input variables.
However, in the case of ER stress, this leads to an unrealistically large range of possible values for free unfolded protein.
Were the prior to be a uniform distribution in U 0 and C 0 , the range of u would be from u(U min 0 , C max 0 ) to u(U max 0 , C min 0 ). Yet, ER stress sensors are sensitive to departures of the system from homeostasis and will not necessarily need to measure the level of stress when the chaperone content is maximal and total protein load is minimal as this state is both unlikely to occur, and clearly not a state that requires a stress responses. Similarly, should the protein client load be exceptionally high and the chaperone copy number be at its baseline expression level, a response should have already been initiated. Hence, we must construct a more informed prior to draw more definitive conclusions about the quality of different stress sensing mechanisms. In particular, for the stress sensing mechanism to be responsive to stress at different processing capacities, it should retain a sensitivity to a given range of unfolded protein copy number as the copy number of chaperone changes. This ensures the homeostatic control mechanism is effective as the protein production capacity of the ER changes. The simplest prior distribution with this property is a uniform distribution in the copy number of unbound unfolded proteins, u, and in total chaperone copy number, C 0 ,
where ∆u = u max −u min and ∆C = C 0,max −C 0,min . Note that since u and C 0 are typically quite large,
111
we treat them as continuous random variables and q(u, C 0 ) is a continuous distribution. q(u, C 0 ) 112 can readily be transformed into a distribution in terms of U 0 and C 0 by inverting equation (3), or 113 into a distribution in term of unbound unfolded proteins and chaperons, u and c, using equation (4).
114
With the prior distribution in this form, q(u, c), the probability distributions needed to calculate the 115 mutual information in equation (10) can be readily calculated with the aid of the transfer function 116 (9). Specifically, the marginal distribution of the input, p(u), is given by
The joint distribution between unfolded protein and active sensors is given by
Lastly, the marginal distribution of the output is
Numerical calculation and optimization of mutual information 120 An exact, closed-form expression for the mutual information is challenging to obtain due to the 121 difficulty in marginalizing the joint distribution of u and n A . Hence, we calculate the mutual 122 information numerically. While the number of active sensors is already a discrete quantity, it 123 is necessary to discretize the prior distribution to determine a numerical value for the mutual 124 information. This is done by dividing the range of inputs into discrete bins such that there are and hybrid (c) mechanisms. The maximal information for each mechanism is computed for different ranges of the uniform prior distribution. The color denotes the channel capacity in bits. In all cases, C 0,min = 1000 and u min = 1000. The upper limits of the input distributions are then varied from 2-100 times the minimum values. In all cases, the unfolded protein-mediated mechanism provides a more informative measurement of unfolded protein concentration than does the chaperone-mediated mechanism. This result is qualitatively insensitive to the minimum values of C 0 and u, as well as the number of sensors, N I (see Supplementary Information) . The white circles and triangle mark the input parameters for which the response probability distributions are shown explicitly in Fig. 3. this makes sense as the direct mechanism only measures free unfolded protein concentration, and To better understand the difference in channel capacity between the unfolded protein-mediated and chaperone-mediated sensing mechanisms, we consider the optimized transfer functions (i.e., of the chaperone-mediated mechanism (Fig. 3b ), we find that the chaperone-mediated mechanism 183 provides a much more broadly distributed response for a given stimulus. Although the mean 184 responses of the mechanisms are approximately the same, the chaperone-mediated mechanism lacks 185 the specificity provided by the unfolded protein-mediated mechanism, making it far less informative 186 about the number of unfolded proteins in the ER. In particular, the conditional probability of 187 activation for the chaperone-mediated mechanism is skewed toward higher levels of activity. In 188 the following section, we demonstrate that this is due to interference from indirectly measuring the 189 concentration of unfolded protein through the concentration of chaperone. To better understand why the chaperone-mediated sensing mechanism provides significantly less information about the unfolded protein concentration than the unfolded protein-mediated or hybrid mechanisms, we consider the low-noise limit of the sensor signal transduction. We begin by approximating the transfer function p(n A |u, c) as Gaussian with mean, µ(u, C 0 ), equal to the mean of the exact transfer function given in equation (9):
where σ is the standard deviation of the Gaussian approximation. Next, we derive an analytical 193 expression for the conditional probability p(n A |u) for the hybrid mechanism in the limit σ → 0. The unfolded protein-mediated and hybrid mechanisms provide well defined levels of activation for a given amount of unfolded protein, while the activation of the chaperone-mediated mechanism is much more dispersed. This dispersion greatly limits the information transmission of the chaperonemediated mechanism. Prior distributions for the top row of panels correspond to those marked by white circles in Fig. 2 , and the bottom row of panels correspond to the prior distributions marked by white triangles.
The conditional probabilities of activation for the unfolded protein-and chaperone-mediated models 195 are then found by taking the limits as β → 0 and α → 0, respectively.
196
In general, the conditional probability of activation explicitly depends on the amount of chaperone present in the ER and is then given by
where q(C 0 ) is given by marginalizing the prior distribution over u. In the case of the uniform priors used here, this simply results in a uniform distribution between C 0,min and C 0,max . To approximate the integral on the right-hand-side of equation (17) we employ a saddlepoint approximation (32) (see Supplementary Material for details) , valid for small σ. This results in an explicit formula for the low-noise approximation to the conditional activation probability:
where µ min (u) = µ(u, C 0,max ) and µ max (u) = µ(u, C 0,min ). Hence the width of the the conditional 197 probability distribution depends directly on the range of chaperone concentrations, (C 0,min , C 0,max ).
198
In the limit as µ max → µ min , which corresponds to the unfolded protein-mediated mechanism 199 (i.e. β → 0), equation (18) reduces to a Dirac delta function centered at the mean value, i.e. 200 δ(n A − µ(u)). In this case there is no uncertainty about the unfolded protein concentration given a 201 reading of the sensor in the zero-noise limit. However, for both the chaperone-mediated and hybrid 202 mechanism, the dependence of activation on c leads to uncertainty even as σ → 0. Fig. 4 shows the 203 conditional activation probability distributions for each mechanism mechanism as a function of u in 204 the zero-noise limit. For the chaperone-mediated and hybrid mechanisms a degree of uncertainty 205 persists even when the sensor makes a theoretically noise-free measurement due to multiple (u, C 0 ) 206 pairs producing the same sensor output. From equation (18) it is clear that this uncertainty is related 207 to the range of values for C 0 in the prior distribution. When the range set by ∆C 0 shrinks, the 208 precision of the measurement increases, as can be seen by comparing vertically-aligned points in 209 Fig. 2b and c. Hence, indirectly measuring u through a mechanism that involves chaperone titration 210 introduces a source of noise that is independent of the stochastic nature of the protein-protein 211 interactions that activate the sensor.
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Figure 4: Zero-noise limit of conditional probabilities of activation as a function of free unfolded protein for the unfolded protein-mediated mechanism (a), chaperone-mediated mechanism (b) and the hybrid mechanism (c). Prior distributions and parameters correspond to those marked by white triangles in Fig. 2. A hybrid sensing mechanism enhances information transmission by "stretch-213 ing" the dose-response curve at the expense of increased noise 214 The information capacity of the hybrid model, shown in Fig. 2c , is always greater than that of 215 the unfolded protein-mediated mechanism. Since the unfolded protein-mediated mechanism is a 216 special case of the hybrid sensing mechanism in which β = 0, the hybrid mechanism will always 217 provide at least as much information, but it is not guaranteed that it should outperform the unfolded 218 protein-mediated mechanism. In particular, it is not clear how introducing dependence on an 219 additional random variable, C 0 , should increase the sensors ability to measure u. The low-noise 220 approximation showed that introducing C 0 into the sensor activation function necessarily obscured 221 the measurement of u since multiple values of u were then able to produce the same expected output 222 of the sensor. One might expect this to imply that the direct measurement of u is the most effective 223 way of measuring u.
224
However, the hybrid mechanism improves the channel capacity beyond the maximal value for the unfolded protein-mediated mechanism. The asymptotic activation probability shown in 226 Fig. 4c offers insight into how this occurs. The hybrid mechanism stretches the range of the sensor 227 compared to the unfolded protein-mediated mechanism, but at the cost of increasing the noise.
228
This is further evidenced by the numerically-calculated mean values and standard deviations of the 229 optimal activation functions for each mechanism, shown in Fig. 5a and b, respectively. The balance 230 of these two competing effects determines the optimal parameterization of the hybrid sensor.
231
The zero-noise limit sheds additional light on the tradeoff between the range of the sensor 232 and the interference due to measuring stress indirectly. Fig. 5c shows the projection of the surfaces 233 of mean activation onto the u-n A plane. These projections correspond to the same regions for which 234 equation (18) is non-zero. The unfolded protein-mediated mechanism projects onto a single line in shows the surface of mean activation for the hybrid mechanism (green surface, left panel), over the uniform prior distribution (grey square), along with the projection of the hybrid mean activation surface onto the u-n A plane. On the right, the projection of surfaces of mean activation onto the u-n A plane are plotted for each mechanism. The hybrid mechanism (green shaded region), which provides the most informative signal, increases the range of activation at the expense of greater noise compared to the unfolded protein-mediated sensor (blue line). The chaperone-mediated mechanism (red shaded region) projects onto a broad area of the input-output space, making it a poor sensor of unfolded protein. Parameters and input distributions correspond to those marked by the white triangles in Fig. 2 .
of free chaperone, as opposed to free unfolded protein, can provide a more efficient response to 249 acute stress (25) . In this section, we demonstrate that the hybrid mechanism can provide a more 250 precise reading of free chaperone concentration in the same way it was able to provide a more 251 precise measurement of unfolded protein concentration.
252 Fig. 6 shows optimized conditional activation probabilities for each mechanism as a function of free chaperone. When the aim of the sensor is to measure free chaperone concentration, the unfolded protein-mediated sensor suffers from the same interference effect that the chaperone-mediated sensor suffered when the quantity of interest was unfolded protein. Both the chaperone-mediated sensor and the hybrid sensor provide relatively reliable measurements of the chaperone concentration.
Again, it is possible to construct a low-noise approximation for the conditional activation probability (see Supplementary Material) :
where now µ min (c) = µ(c, U 0,min ) and µ max (c) = µ(c, U 0,max ).
253
Equation (19), evaluated at optimized parameters for each mechanism, is shown in Fig. 6 254 (bottom row). Analogously to the case where u was the quantity of interest, the hybrid mechanism 255 is able to provide more information about the concentration of free chaperone than the chaperone-256 sensing mechanism by stretching the range of activation of the sensor for the same input range 257 of c. As shown in Fig. 7a and b, this is again the result of allowing some additional uncertainty 258 in the output for specific inputs in exchange for a greater range of outputs. Fig. 7c Figure 6 : Conditional probabilities of activation as a function of free chaperone for the unfolded protein-mediated (left column), chaperone-mediated (middle column) and hybrid (right column) mechanisms. The top two rows show numerically calculated conditional probabilities of optimized parameter sets for two different prior distributions. The bottom row shows the low-noise approximation given in equation (19) for the same prior and parameters used in the middle row. The chaperone-mediated and hybrid mechanisms provide well defined levels of activation for a given amount of free chaperone, while the activation of the unfolded protein-mediated mechanism is much more dispersed. This dispersion greatly limits the information transmission of the unfolded protein-mediated mechanism. The plotted results are for uniform prior distributions with ranges U 0,min = 10 3 , U 0,max = 11.4 × 10 3 , c min = 10 3 and c max = 11.4 × 10 3 for the top row, and U 0,min = 10 3 , U 0,max = 2 × 10 3 , c min = 10 3 and c max = 64.7 × 10 3 for the bottom two rows. The mutual information for priors with other ranges are provided in the Supplementary Material. show the mean responses and standard deviations of each mechanism as a function of free chaperone. Panel (c) shows the surface of mean activation for the hybrid mechanism (green surface, left panel), over the uniform prior distribution (grey square), along with the projection of the hybrid mean activation surface onto the c-n A plane. On the right, the projection of surfaces of mean activation onto the c-n A plane are plotted for each mechanism. The hybrid mechanism (green shaded region) increases the range of activation at the expense of greater noise as compared to the chaperone-mediated sensor (red line). The unfolded protein-mediated mechanism (blue shaded region) projects onto a broad area of the input-output space, making it a poor sensor of available chaperone.
Discussion

268
ER stress is monitored by stress sensing proteins in the ER membrane that are both activated 269 by unfolded protein ligands and suppressed by unbound chaperones. However, it has not been 270 established why such a mechanism evolved. We hypothesized that this hybrid mechanism of stress 271 sensing could provide more information about the state of the ER than measuring only unfolded 272 proteins or chaperones, while still allowing the UPR to take advantage of the added efficiency and 273 buffering of sensors that respond to depleted chaperone.
274
Our results indicates that a sensor that is suppressed by chaperone provides less information 275 about unfolded protein concentration in the ER than a sensor that is activated by unfolded proteins.
276
In particular, this is because multiple input pairs (u, C 0 ) can produce the same output of the 277 chaperone-mediated sensor even when the signal is free of noise. This introduces inherent ambiguity 278 into the sensor output with regards to the concentration of free unfolded proteins within the ER, 279 i.e. ER stress. A mechanism that combines both direct unfolded protein sensing and chaperone 280 sequestration of sensors is capable of providing more information than the unfolded protein-mediated 281 mechanism alone. To do so, the hybrid sensor allows for a small increase in ambiguity of the mean 282 sensor output for a given concentration of unfolded protein in order to extend the range of outputs.
283
Analogously, if the sensor evolved to measure the concentration of free chaperone in the ER, 284 which is an alternative measure of ER stress, the chaperone-mediated sensor provides substantially 285 more information than the unfolded-protein sensor. The hybrid sensor then further increases the 286 channel capacity of the chaperone-mediated sensor. Previous studies (24; 25) have shown that the 287 chaperone-mediated sensing mechanism provides a benefit in terms of the efficiency of the UPR 288 when responding to acute stress events. However, the precision with which the sensor determines 289 the level of stress in the ER was not considered. The present analysis illustrates that combining 290 Information processing of endoplasmic reticulum stress sensors chaperone-mediated suppression with unfolded-protein activation can increase the amount of 291 information about ER stress transmitted out of the ER lumen.
292
By providing a more informative measurement of the stress level within the ER, the hybrid 293 mechanism would allow for a more finely-tuned UPR. Precise control over the UPR is important to 294 organism fitness due to the substantial metabolic cost of maintaining proteostasis. For example,
295
the chaperone BiP is present at one of the highest copy numbers of any protein in eukaryotic cells,
296
≈ 3 × 10 5 in yeast (33) and ≈ 2 × 10 7 in unstressed HeLa cells (34). Upon stress, the copy number 297 can increase more than 10 fold (34). Decreasing the amount of chaperone required to mitigate 298 an acute stress event can therefore make a substantial contribution to cellular energy expenditure.
299
This is particularly true for secretory cells, such as pancreatic β-cells, where proinsulin mRNA 300 translation rates reach approximately 10 6 molecules per minute in response to glucose stimulation 301 (35; 36; 37), all of which must be processed in the ER. Overall, up to 20% of known genes go 302 through transcriptional changes when the UPR is activated (38). Additionally, for large stresses, 303 the UPR induces apoptosis, further increasing the importance of reliable and precise ER stress 304 measurements. Hence, the importance of precise UPR control provides a rationalization of the ER 305 stress sensing mechanism. A sensor that is repressed by available chaperones provides a relatively 306 simple mechanism for monitoring and responding to chaperone abundance in the ER, and is able to protein homeostasis are substantial, especially for secretory cells. Hence, a more frugal use of 315 chaperone upregulation in response to stress can significantly reduce cellular energy expenditure.
316
Second, for the cell to take advantage of the more efficient stress response, the signal must be 317 informative regarding the level of stress. In particular, it is essential for the first step in the signal 318 transduction pathway -the measurement of stress in the ER -to transmit maximal information since 319 the information processing inequality ensures that information will only be further degraded as it 320 passes along the signaling pathway. the ER that is not incorporated in the concentration of available BiP. However, regardless of whether 330 these effects are also important, our analysis reveals that incorporating the unfolded protein directly 331 into the signaling mechanism can enhance the measurement of the free chaperone in the ER.
332
The additional information capacity of the hybrid sensing mechanism represents a specific 333 instance of a more general feature of signal integration in biochemical networks. Namely, it is 334 possible to increase the precision with which one component of a multi-component system can be 335 sensed by incorporating the signal from another coupled component. This will be the case for any 336 instance in which the aim is to monitor the components of a bimolecular reaction, including enzyme 337 catalyzed reactions. Given the prevalence of such reactions in cellular biochemistry, we expect the
